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MENG CHEN 

Abstract. Applying the effective induction on Nklt(X, D) devel- 
oped by Hacon-McKernan and Takayama, Todorov proved that (f^ 
is birational for projective 3-folds V with vol{V) 3> 0, which was 
recently improved by Di Biagio in loosing the volume constraint. 
The observation is that the least efficient induction step can be 
studied in an alternative way, which allows us to assert Todorov's 
statement for vol(T^) > 12^. The 4-dimensional analog is also given 
in this note. The idea works well for all dimensions. 



1. Introduction 

We work over the complex number field C. One of the fundamental 
questions in birational geometry has been to find an optimal integer 
r„ > (ra > 3) such that the pluricanonical map ipm is birational 
onto the image for all m > and for all n-dimensional nonsingular 
projective varieties of general type. It is well-known that ri = 3 and, 
due to Bombieri, r2 = 5. For 3-folds, one has < 73 by Chen- 
Chen [21 S]. For all n > 3, the remarkable boundedness theorem, i.e. 
Tn < +00, was proved separately by Hacon-McKernan [lOj, Takayama 
[19] and Tsuji. One may refer to the very nice survey article [13j for 
other boundedness results in birational geometry. 

We refer to [TUl [121 ED] for those standard notions of "volume" , "Ic 
center" and "Nklt(X,D)". In this paper we are mainly interested in the 
explicit boundedness of projective varieties with large volumes. 

Utilizing the effective induction on non-kit centers (i.e. Nklt(X, D)) 
developed in Hacon-McKernan [lOj and Takayama [19j, Todorov [201 
Theorem 1.2] proved that ip^ := $15^-^-1 is birational for all nonsin- 
gular projective 3-folds V with vol(V^) > 4355^. Recently Di Biagio 
[9l Theorem 1.2] improved this by loosing the volume constraint, say 
vo\{V) > 2 ■ 19173. 

In fact, the least efficient induction step of Todorov is when V is 
birationally fibred by a family of surfaces with small volumes over a 
curve. Recalling a relevant result in our paper [7] and using the "canon- 
ical restriction inequality" in Chen-Zuo [H], the mentioned induction 
step of Todorov can be handled quite well in an alternative way. This 
allows us to present the following improved statement: 
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Theorem 1.1. Let V be a nonsingular projective 3-fold withvo\{V) > 
12^. Then ifrn is birational for all m> 5. 

It is worthwhile to reahze the idea in higher dimensions. First of 
all we note that the MMP works well for projective varieties of general 
type due to, for instance, Birkar-Cascini-Hacon-McKernan [1], Hacon- 
McKernan [12J and Siu [18] . When we speak of "minimal models" or 
"minimal n-folds" , it should always be understood that the variety has 
Q-factorial terminal singularities. 

Definition. For any integer n> 2, define the positive integer f„ to be 
the minimum satisfying the following properties: 

for all minimal projective n-folds Xq of general type, for 
all birational morphisms z/ : X' — > Xq with X' nonsin- 
gular and for all nef and big Q-divisors R on X' , the 
linear system 

\Kx'+\{m-2)u*{Kx,) + R]\ 
gives a birational map onto the image for all m > f„. 

Remark. We can see, later on, in Lemma fITU and Lemma that f„ < 
+00 for all n > 2, which is essentially an induction on the dimension 
applying Kawamata-Viehweg vanishing and the boundedness theorem 
of Hacon-McKernan [10], Takayama [19] and Tsuji. (In fact, it is not 
hard to see from Chen-Chen [1] that fs < 73.) 

In the second part we shall prove the following: 

Theorem 1.2. Let Y be a nonsingular projective 4-fold. Assume 
vol(y) > 0, say vol(F) > ■ 12^ Then ImKyl gives a birational 
map for all m > r^. 

A difficulty in high dimensions is that we do not know any practical 
lower bound for f„ (n > 4). We need to set the following: 

Notation. For alH > 0, the real number > denotes the optimal 
constant so that vol(Z) > e- for all i-folds Z of general type. Set 

Rn := max{2 + 1) - 1, ^n-i}- 

1=1 

Our last result is the following: 

Corollary 1.3. For all n > 5, Cn are computable positive constants. 
Let Y be a nonsingular projective n-fold with vol(y) > Cn. Then 
ImKyl gives a birational map for all m> R^. 

Throughout we are in favor of the following symbols: 

• "~" denotes linear equivalence or Q-linear equivalence; 
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• "=" denotes numerical equivalence; 

• "A > S" , for Q-divisors A and B, means that A - B is Q- 
linearly equivalent to an effective Q-divisor. 

• ^ 1^2!" means, for linear systems \Mi\ and IM2I, \Mi\ = 
IM2I + (fixed effective divisor). 

I would like to thank the anonymous referee for his(her) valuable 
suggestions and comments. 

2. Proof of main statements 

We start with the following: 

Lemma 2.1. Let S be a nonsingular projective surface of general type 
and a : S ^ So the birational contraction onto the minimal model 
Sf). Let Q be any nef and big Q-divisor on S . Then the linear system 
\Ks + 3cr*{Kso) + IQ] I gives a birational map. 

Proof Write C := 3a*{Kso) + Q- Clearly C is nef and > 9. 

Case 1. S is not a (1,2) surface. For any irreducible and reduced 
curve C C S, passing through a very general point P G S", it is sufficient 
to prove {a*{Kso) -C*) > 2 and so that {C-C) > 6. Then the statement 
follows from either [TJ Lemma 2.6] or [TBI Proposition 4]. In fact, 
{a*{Kso) ■ C) = {Ksa ■ C) where C := a^{C). We may verify this on 5*0 
assuming C to be a curve in 5*0 passing through a very general point of 
Sq. Note that C is of general type. Thus {Ksq ■ C) + > 2. Suppose 
to the contrary that {Ks^ ■ C) < 1. Then > 1. By the Hodge 
Index Theorem, one sees Kg^ = = 1 and Ksq = C. The surface 
theory implies that S is either a (1, 1) surface or a (1,0) surface. If 
{Kg^,Pg{S)) = (1, 0), then the torsion element 9 := Ksq — C is of order 
< 5 and h^{SQ,C) = 1. Thus there are at most finite number of such 
curves on 5*0 since it is determined by the group Tor(5') with |Tor(S')| < 
5. By the choice of C, this is impossible. If {Kg^,pg{S)) = (1, 1), then 
~ C since Tor(S'o) = by Bombieri p| Theorem 15] and thus C 
is the unique canonical curve of Sq, which is impossible either by the 
choice of C. In a word, we have {Ksg ■ C) > 2. 

Case 2. S* is a (1,2) surface. The statement follows from |5i Lemma 
1.3, Lemma 1.4]. □ 

Proposition 2.2. Let Y be a nonsingular projective 3-fold of general 
type, B a smooth projective curve and h : Y B be a fibration. Denote 
by F a general fiber of h. Assume Ky ~q pF + Ep for some rational 
number p > 5 and an effective Q-divisor Ep. Then ImKyl gives a 
birational map for all m > 5. 

Proof. Take a minimal model Yq of Y. Modulo birational modifications 
over Y, we may assume for simplicity that there is a birational mor- 
phism vr : y — )■ lo- Take a sufficiently large and divisible integer m > 
such that 
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(i) mi^Ty-Q is a Cartier divisor; 

(ii) both jmii'yol and \pmF\ are base point free; 

(iii) mKy ~z fnpF + mEp] 

(iv) the support of the union of Ep and all those exceptional divisors 
of TT is simple normal crossing. 

Then one has pmF < m'n'*{KYo) < rriKY- By Chen-Zuo |H1 Lemma 
3.3, Lemma 3.4], giving any small rational number e > 0, one has 

n*{KY,)\F ^ - e)e*{KF,) + (2.1) 

for certain effective Q-divisor iJ^ on F where 9 : F ^ Fq is the con- 
traction onto the minimal model. Write 'k*{Ky^) ~q pF + E'^ where 
Ep is another effective Q-divisor. By assumption the support of E'p is 
simple normal crossing. 

Pick two distinct general fibers Fi, F2 of h. Both Fi and F2 are 
known to be nonsingular projective surfaces of general type. Since 

A7:*{Ky,) -F,-F2- ^E'p ^ (4 - ^)n*iKY,) 

is nef and big, Kawamata-Viehweg vanishing ([151 [22]) gives the sur- 
jective map 

H%Ky+\K,J) 
^ H^{F^, Kf, + \K,,p - Fil \fJ © H^{F2, Kp, + \K,,p - F^] \f,) 



where K^^p := 47r*(i^'yJ - -E' Observing that 



(2.2) 

OVisprvincr tViat 



where 



\A7,*{Ky,)--^e'^-f,-\\f^>\U,-\ 



L4, := (47r*(iryJ - - F,)|^, = (4 - ^)vr*(iryj|^^ 

for i = 1, 2, we have 

\hKY\\F, h \Ky + r4vr*(i^yo) - -^IIIf. ^ + \UA\. 

p ' 

Due to the surjectivity of (12. 2p . it is sufficient to show that \Kf^ + IL^^ \ 
gives a birational map for i = 1,2. 

Note that > | whenever p > 5. Take a small rational number 
£0 > such that 60 ■= (4 - p(^ - Eq) - 3 > 0. Then we have 

L4, = (3 + 5o)^^*(^F.o) + (4-^)^.0. 

for an effective Q-divisor H^o^i on where 6i : Fi ^ Fi^ is the con- 
traction onto its minimal model for i = 1, 2. 
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Now since 



L,, - (4 - ^)H,,, ^ m^KpJ + 5,ei{Kp^ ,] 



Lemma [2.11 implies that 

gives a birational map and so does \KF^ + [-^4,4] | for i = 1, 2. 

Since Fi and F2 are general fibers of h, |5i^^y| gives a birational map. 
So we conclude the statement. □ 

Now we are prepared to prove Theorem ll.il The outline of the proof 
follows that of Todorov [201 Section 4] except that the last step (i.e. 
Subcase 2.2) is implemented by an alternative argument. 

Proof of Theorem 11.11 Assume vol(\^) > ajj for some rational num- 
ber ao > 0. For any very small rational number e > 0, take a birational 
modification ^ : V ^ V such that there is a decomposition 

for some ample Q-divisor A and some effective Q-divisor and that 
the decomposition satisfies the properties of Takayama Theorem 
3.1]. (In particular, vol(A) YoliV), but vol(A) < YoXiV).) 

Take two different points xi, X2 G V at very general positions. Then 
there is a divisor D ~q with A < tt^t" such that Xi G Nklt(l^', D) 
for i = 1,2. 

Suppose the volume of those surfaces passing through very general 
points of V has the lower bound a\. Of course, > 1 and the volume 
of curves passing through very general points of V has the lower bound 
"2 > 2. 

Case 1. Assume ai > 10. According to Takayama [ISl Proposition 
5.3], there is a constant c^s < -Ss + ^ and an effective Q-divisor ~q 
a^A such that xi,X2 € Nklt{V' , D3) and that at least one point Xi is 
isolated in N]dt{V' , D3). Thus Nadel vanishing implies that |([a3j + 
2)Kv'\ gives a birational map. Unfortunately it is not enough to get 
the birationality of |5i^y| whenever ai is smaller. In fact, according to 
Takayama, one may take 

2 , 1 , 4\/2 , 1 , \/2 , 

S3 = z + 1 + z • \ + 2e 1 + 1 + . , 

1 - e 1 — e (1 — e)ai 1 — e (1 — ejai 

1 2^/2 , 3v^ 

t, = {l + -—1 + ^ • 

I — e [1 — e)ai 1 — e 

By taking a very small e, while under the premise of ao > 12 and 
ai > 10, one can easily verify 03 < 4, which means is birational. 

Case 2. Contrary to Case 1, we may assume Nklt(V^',D) contains 
an irreducible component which, passing through a very general point 
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of V, is a surface of volume < 10^, i.e. ai < 10. As already realized 
by McKernan [T7] and in Todorov [201 pl328], there are two dominant 
morphisms u : V" V and f : V" ^ B where V" is a normal 
projective 3-fold and S is a normal projective curve. For a very general 
point X & V , there is a surface \4 which is a pure centre of a Ic pair 
{V , Dx) with Dx ~Q A'A and A' < and, furthermore, is 

dominated by at least one general fiber of /. 

Subcase 2.1. Suppose u is non-birational, which means that passing 
through a very general point x & V there are at least two Ic centers 
of the pairs {V, D) and {V, D). Pick two different very general points 
Xi{= x),X2 G v. Using Todorov [20, Lemma 3.3], one may find a 

divisor D" ~q X"A with A" < + e such that m\t{V',D") has 

at worst a 1-dimensional centre at xi = x. This situation also fits 
into Takayama's induction [191 Proposition 5.3]. In fact, we may set 

S2 = and t2 = ^zf + ^f^o in Takayama's Notation [T9t 5.2(3)] and 
begin the induction onwards. Then one gets a divisor D3 a^A with 
as < S3 + ^ where 



.3 = (l + ^)e + ^, 

h = {1 + Y^)(.^(^o + YZ^^ 
such that codimNklt(l^', 1)3) = 3 at Xi. Clearly one has 

1 ^ 2 1 , 9^/2 

a3<e(l + - ) + - + (1 + 



1 — e I — e I — e (1 — e)ao 

Taking a very small e > 0, one easily sees 03 < 4 as long as ao > 12. 
Thus, by Nadel vanishing again, 1^5 is birational whenever vol(V^) > 12'^ 
in this subcase. 

Subcase 2.2. Suppose u is birational. Without loss of generality, 
V" can be considered smooth. We study the birationality of |5i^y"| 
instead. We have a fibration f : V" B with B a normal projective 
curve. By assumption a general fiber S of f has the property vol(S') < 

102. 

Since vol{V) > 12^, we have 

_ vol(l^) 12^ _ 144 
^° ''~ 3vol(5) ^ 3-102 ~ '25 
and [3 Lemma 2.7(1)] implies that 

Kv" > (to -r])S 

for any very small rational number 77 > (note here that the proof of 
[TJ Lemma 2.7(1)] works for any curve B). Take such a number r] so 
that To — ?7 > 5. Then we are in the situation of Proposition 12.21 which 
says is birational. We are done. □ 
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Next we shall study the high dimensional analog. 

Proposition 2.3. Let Y be a nonsingular projective n-fold (n > A) of 
general type, B a smooth projective curve and f : Y ^ B a fibration. 
Denote by X a general fiber of f . Assume Ky ~q Pn^ + Ep^, for some 
rational number Pn > 2f„_i — 2 and for some effective Q-divisor Ep^. 
Then |mi^y| gives a birational map for all m > f„_i. 

Proof. Take a minimal model Yq of Y. Modulo birational modifications 
over Y, we may assume for simplicity that there is a birational mor- 
phism TT : y — 7- Yq- Take a sufficiently large and divisible integer m > 
such that 

1. itiKyq is a Cartier divisor, mEp^ is an integral divisor and 
|mii'Y-(,| is base point free; 

2. \pnmX\ is base point free; 

3. \pnTnKxQ\ is base point free where Xq is a minimal model of X; 

4. mKy ~z mpnX + mEp^; 

5. the support of the union of Ep^ and all those exceptional divisors 
of TT is simple normal crossing. 

Then one has PnmX < mn*{KYo) < mKy. Write t[*{Kyq) ~q PnX + 
E' where E' is another effective Q-divisor. Pick general fibers X and 
Xi ^ X, of /. 

Step 1. The canonical restriction inequality. 

If g{B) > 0, one may take further modification Y' of Y (still assume 
Y' = Y) such that, for the fiber X' over X (still assume X' = X), there 
is a birational morphism i> : X ^ Xq. Now the proof of Chen-Zuo [SI 
Lemma 3.4] implies 

(Note that the key fact used in the proof of [HI Lemma 3.4] is the 
rational chain connectedness of Shokurov in dimension 3 and that was 
proved by Hacon-McKernan pTl Corollary L3] for all dimensions.) 

If g{B) = 0, we have the inclusion OB{Pnfn) f^uoy- Take a very 
large and divisible integer / such that both IKy,^ and IKx^ are Cartier 
divisors. Then we have the inclusion 

r Ipnm . . f , lpnm+2lm 
J*^Y/B ^ J*^Y 

The semi-positivity theorem (see, for instance, Viehweg [21]) implies 
that f^^UyJ^^ is generated by global sections. Since |z/*(/p„mi^'xo)| (as 
the moving part of \lpnTnKx\) is base point free and the moving part 
of \{lpnTn + 2lm)Ky\ is exactly |7r*((/p„m + 2lm)Ky^)\ thanks to the 
MMP, we have 



Ti*[{lpnm + 2lm)Ky^)\x > v*{lpnmKxa). 
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In both cases, we have the following equality 

7r*(iryJU = r^^*(^Xo) + (2.3) 

for certain effective Q-divisor G„ on X . 

Step 2. The induction step by means of vanishing. 

Both Xi and X2 are known to be nonsingular projective (n — l)-folds 
of general type. Since 

- l)7r*{Ky,) - Xi - X2 - ^E;^ = (rVi - 1 - yK{Ky,) 

is nef and big by assumption, Kawamata-Viehweg vanishing gives the 
surjective map 

H^{KY+\Kn,r,J) 

H\Xi,Kx, + \Kn,p„ - Xi] e F0(X2, Kx, + \Kn,p„ - X2I \x,) 

(2.4) 

where Kn,p„ := (r„_i - l)7r*(iryj - ^^p„. Observing that 

r(f„_i - ih*{Ky,) - ^e;^ - x,i u. > [L,,! 

Pn 

where 

Ln,« := ((r„-i - l)7r*{Ky,) - ^E'^^ - X,)\x, = (f„_i - 1 - A)vr*(Ky;,)U, 

for 2 = 1,2, we have 
|r„_ii^y|U, ^ \Ky + r(f„_i - l)vr*(Ky„) - ^-^Jlk, ^ + \Ln,iM 

Pn 

Due to the surjectivity of (12. 4p . it is sufficient to show that \Kx,+ \Ln,i] \ 
gives a birational map for i = 1,2. 

S'iep 3. Verification on the general fiber. 

Since p„ > 2rn-i - 2, we have > ^-f^ and 5o := (r„_i - 1 - 

— {fn-i — 2) > 0. Now we have 



Pn ' Pn+2 



L„,, = (f„_i - 2 + 6o)e*{KxJ + (f„_i - 1 - -)G„,, 

Pn 

for an effective Q-divisor Gn,i on Xj where 6i : Xi ^ Xi^ is the con- 
traction onto its minimal model Xj^o for 2 = 1,2. Since 

Ln,^ - (rn-1 " 1 " -)G„,, = (f„_i - 2)^*(Kx, J + ^0^*(i^X,o), 
Pn 

one knows that 

2 

l-f^x, + \Ln,i - (r„_i - 1 )Gn,i] I 

Pn 

gives a birational map by the definition of f„_i and so does \Kxi + 
\Ln,i] \ for 2 = 1,2. 
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Since Xi and X2 are general fibers of /, |r„_ii^y| gives a birational 
map. So we are done. □ 

Lemma 2.4. For all n > 3, Vn < +00. 



Proof. We liave already seen f2 = 5 in Lemma [2TT1 For n > 2, we prove 
tliis by an induction on tlie dimensions. We sketcli tlie proof here. 

By the boundedness theorem of Hacon-McKernan, Takayama and 
Tsuji, we can take a positive integer mo so that _Pmo(-^o) > 2 for all 
minimal projective n-folds Xq of general type. Take a pencil A C 
\moKxo\- Given any birational morphism z/ : X' — Xq and given any 
nef and big Q-divisor Ron X', take a birational modification ui : Xi ^ 
Xq such that: 

(1) Xi is smooth; 

(2) Ui factors through u, i.e. 1/1 = 1/01/' and thus Xi is over X'; 

(3) the moving part of z^i(A) is base point free; 

(4) the support of union of exceptional divisors of ui and the pull 
back of {R} is simple normal crossing. 

Now it is sufficient to find some positive number m (independent of 
Xq, the choice of u and the Q-divisor R) so that 

\Kx, + \im-2)i/liKx,) + iy'*m\ 
gives a birational map. 

Take two generic irreducible elements Fi and F2 in the moving part of 
i/l{A). In other words, the Fi is a general fiber of the induced fibration 
after taking the Stein factorization of $a ° ^i- By definition, Fi and F2 
are irreducible elements in a free pencil. Both Fi and F2 are smooth 
by Bertini's theorem and they are of general type with dimensions 
n — 1. For any integer m > 2mo + 3, since (m — 2)i>1{Kxq) + i''*R > 
(m — 2mo — 2)i'l{Kxo) + i''*R + Fi + F2, Kawamata-Viehweg vanishing 
gives the surjective map: 

H\Xi, Kx, + \{m - 2mo - 2)ul{Kx,) + y'*R^ + Fi + F2) 
®tiH\F,, Kp^ + \{m - 2mo - 2)z/*(Kx„) + y'*R^ |fJ 

(2.5) 

Set F = Fi and we study the restricted linear system on F. Mod- 
ulo further birational modifications, we may assume that there is a 
birational contraction morphism a : F ^ Fq onto a minimal model 
Fq. By the canonical restriction inequality in Chen [61 Lemma 2.5 and 
Inequality (1) at page 225], we have 



Thus 



Kp + \qiyl{Kx,) + i^'*R] \f>Kp+ \ta*{Kp,) + Q] 

where q := m — 2mo — 2, t := \_ 2rno+i \ integer depending only on 

m and Q is a certain nef and big Q-divisor on F. By the induction, the 
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statement is true on F as long as t is large enough and such an integer t 
should work for all (n — l)-fold F. The surjective map 12.51 says that, for 
some integer m, the linear system \Kxi + \{Tn — 2)i/^(i^Xo) + I 
separates different general Fi and F2, and it separates general points 
of Fi for i = 1,2. We are done. □ 

With Proposition 12.31 and Lemma \2A\ we are prepared for proving 
Theorem II. 2[ 

Proof of Theorem II. 2i We sketch the proof while omitting redun- 
dant calculations. We keep a similar procedure to the proof of Theorem 



First of all we know > 27 due to lano-Fletcher's example X4Q C 
P(4,5,6,7,23) in [HI p.l51]. 

Then one uses Takayama's effective induction in fl9\ Proposition 5.3] 
and McKernan's dominant morphism u : V" ^ V in [171 Lemma 3.2] 
to exclusively treat 3 cases with regard to Nklt(l/', D), where V is 
certain birational model of Y as in the proof of Theorem 11.11 replacing 
V by Y : 

i. Only sub-varieties of dimension < 2 passing through very gen- 
eral points of Y need to be considered. Note that the situation 
corresponding to Subcase 2.1 in the proof of Theorem 1 1.1 1 is in- 
cluded here. Meanwhile, v is non-birational by assumption. We 
may use Todorov [20', Lemma 3.3] to find a divisor D" ~ )k' A 
such that Nklt(\^', D") has at worst a 1-dimensional Ic center 
passing through x-a, very general point of V . Replace iV' , D) 
by iy' , D") and go on the procedure of applying Takayama's 
induction. 

ii. Apart from i, there is a 3-fold center, with a large volume, of 
the pair {V' , D^) passing through a very general point x &V' . 

iii. Due to McKernan [17], Y is birationally fibred by 3- folds of 
small volumes over a curve B. 

For Case i and Case ii, it is easy to find the constraint on vol(y) (say 
vol(F) > > 0) so that \27Ky\ gives a birational map by assuming 
that all those 3-folds passing through very general points of Y have 
volume > (3v/T6)^. In fact, the worse situation in Case i is when u is 
non-birational for which we use Todorov [201 Lemma 3.3]. So we may 
set S2 = 0, ^2 = 12\/2, while e i-)- 0, and then Takayama's induction 
gives, S4 < 8^2 + 2 and 

U < 24v^(2v^+ 1). 

Thus we have 04 < S4 + ^ and [04] + 1 < 27 as long as is large 
enough. Actually this is the case when Oq > ^^^^^ ■ 12'^ > y ■ 12^. Thus 
\27 Ky\ gives a birational map. In Case ii, by assuming ai > 3y^, 
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Takayama's induction gives: 

8^2 + 12(1 + 2^2) v^/ai, 

U < 8v^(2v^+ l)(l + 3v^/ai) 

while letting e h-> 0. Finally we have 04 < S4 + ^4/00- Still under the 
assumption > y ■ 12"^, it is easy to see [04] + 1 < 27. Thus we see 
the birationahty of ^\27Ky\- 

For Case iii, we may use Prop osit ion 12 . 3 1 under the condition that Y is 
birationally fibred by 3-folds X of small volume (say vol(X) < 16 x 27). 
Now using a similar method to that of [TJ Lemma 2.7(1)] by computing 
the ratio it is easy for us to find the condition on vol(y) again. 

In fact, vol(y) > ^^^^^ ■ 12^ will do for this case to get the birationahty 
of |mi^y| for all m > r^. We are done. □ 

Thanks to the elaborate calculation in Di Biagio [9|, Theorem 5.9], 
we can save several pages to present here our effective result for all 
dimensions. So far we have the following direct result in higher dimen- 
sions: 

Corollary 2.5. (= Corollary \1.3\) There are computable constants Cn 
for all n > 5. Let Y be a nonsingular projective n-fold with vol(y) > 
Cn- Then ImKyl gives a birational map onto its image for all m > Rn- 

We omit the proof since it can be obtained by a similar argument to 
that of Theorem 11.11 and Theorem 11.21 This may serve as an interesting 
exercise. 

Finally we note that -R3 = f2 = r2 = 5 by Bombieri and, in fact, 
-R4 = > ''"s- It is natural to ask the following: 

Open Problem X„. Is it always true that Rn = r„_i = r„_i for all 
n>A? 

A positive answer to Problem X„ should be expectable. 



Acknowledgments 

1 appreciate the generous support of Max-Planck- Institut fiir Mathe- 
matik (Bonn) during my four months visit there in 2011-2012. I would 
like to thank Christopher D. Hacon for valuable comments to the first 
draft of this note. The project was supported by National Natural 
Science Foundation of China (7^11171068), Doctoral Fund of Ministry 
of Education of China (#20110071110003) and partially by NSFC for 
Innovative Research Groups (#11121101). 



12 



M. Chen 



References 

C. Birkar, P. Cascini, C. D. Hacon, J. McKernan, Existence of minimal models 
for varieties of log general type, J. Amer. Math. Soc. 23 (2010), no. 2, 405-468. 
E. Bombieri, Canonical models of surfaces of general type, Inst. Hautes Etudes 
Sci. Publ. Math. 42 (1973), 171-219. 

J. A. Chen, M. Chen, Explicit Birational Geometry of Threefolds of General 
Type, I, Ann. Sci. Ec Norm. Sup. (43) 2010, 365-394 

J. A. Chen, M. Chen, Explicit Birational Geometry of Threefolds of General 
Type, II, J. of Differential Geometry 86 (2010), 237-271 

M. Chen, On the Q-divisor method and its application. J. Pure Appl. Algebra 
191 (2004), no. 1-2, 143-156. 

M. Chen, On pluricanonical systems of algebraic varieties of general type. Al- 
gebraic geometry in East Asia-Seoul 2008, 215-236, Adv. Stud. Pure Math., 
60, Math. Soc. Japan, Tokyo, 2010. 

M. Chen, Some birationality criteria on 3-folds with pg > 1, preprint. ArXiv: 
1111.6513 

M. Chen, K. Zuo, Complex projective 3-folds with non-negative canonical 

Euler-Poincare characteristic. Comm. Anal. Geom. 16 (2008), 159-182. 

L. Di Biagio, Pluricanonical systems for 3-folds and 4-folds of general type. 

Math. Proc. Cambridge Phil. Soc. 152 (2012), no. 1, 9-34. 

C. D. Hacon, J. McKernan, Boundedness of pluricanonical maps of varieties 

of general type. Invent. Math. 166 (2006), no. 1, 1-25. 

C. D. Hacon, J. McKernan, On Shokurov's rational connectedness conjecture, 
Duke Math. J. 138 (2007), no. 1, 119-136. 

C. D. Hacon, J. McKernan, Existence of minimal models for varieties of log 

general type, II, J. Amer. Math. Soc. 23 (2010), no. 2, 469-490. 

C. D. Hacon, J. McKernan, Boundedness of pluricanonical maps of varieties of 

general type. In Proceedings of the International Congress of Mathematicians, 

Volume II, pages 427-449, New Delhi, 2010. Hindustan Book Agency. 

A. R. lano-Fletcher, Working with wighted complete intersections. Explicit 

birational geometry of 3-folds. London Mathematical Society, Lecture Note 

Series, 281. Cambridge University Press, Cambridge, 2000. 

Y. Kawamata, A generalization of Kodaira-Ramanujam 's vanishing theorem. 

Math. Ann. 261 (1982), 43-46. 

V. Masek, Very ampleness of adjoint linear systems on smooth surfaces with 
boundary, Nagoya Math. J. 153 (1999), 1-29. 

J. McKernan, Boundedness of log terminal Fano pairs of bounded index, 
preprint. ArXiv: math.AG 0205214 vl 

Y. T. Siu, Finite generation of canonical ring by analytic method, Sci. China 
Ser. A 51 (2008), no. 4, 481-502. 

S. Takayama, Pluricanonical systems on algebraic varieties of general type. 
Invent. Math. 165 (2006), no. 3, 551-587. 

G. T. Todorov, Pluricanonical maps for threefolds of general type. Ann. Inst. 
Fourier (Grenoble) 57 (2007), no. 4, 1315-1330. 

E. Viehweg, Weak positivity and the additivity of the Kodaira dimension for 
certain fibre spaces. Proc. Algebraic Varieties and Analytic Varieties, Tokyo 
1981. Adv. Studies in Math. 1, Kinokunya-North-HoUand Publ. 1983, 329-353 
E. Viehweg, Vanishing theorems, J. reine angew. Math. 335 (1982), 1-8. 



Institute of Mathematics & LMNS, Fudan University, Shanghai 200433, China 
E-mail address: mchen@fudan.edu.cn 



